The quantum q-Krawtchouk and q-Meixner polynomials and their related D-functions for the quantum groups SUq(2) and SUq(1,1)  by Smirnov, Yuri F & Campigotto, Corrado
Journal of Computational and Applied Mathematics 164–165 (2004) 643–660
www.elsevier.com/locate/cam
The quantum q-Krawtchouk and q-Meixner polynomials and
their related D-functions for the quantum groups
SUq(2) and SUq(1; 1)
Yuri F. Smirnova;b, Corrado Campigottoc;∗
aInstituto de Ciencias Nucleares, Universidad Nacional Autonoma de Mexico, 04510 Mexico, DF, Mexico
bSkobeltsyn Institute of Nuclear Physics, Moscow State University, 119899 Moscow, Russia
cSwiss Federal O)ce for Informatics and Telecom, Monbijoustrasse 74, CH-3003 Berne, Switzerland
Received 14 August 2002; received in revised form 21 May 2003
Abstract
The complete comparative analysis of the quantum q-Krawtchouk and q-Meixner polynomials of a discrete
variable on a nonuniform grid (x(s) = q2s) and the D-function for the quantum groups SUq(2) and SUq(1; 1)
is done. The complete set of characteristics of these polynomials (i.e., orthogonality relations, normalization
factors, recurrent relations, the explicit analytical expressions, the Rodrigues formulas, the formulas of di4er-
ence derivatives, various particular values and cases) are calculated. The correlations between the properties
of the polynomials mentioned above and the D-functions for the quantum groups SUq(2) and SUq(1; 1) are
established. In the case of SUq(1; 1) only D-functions for the positive discrete series of the unitary irreducible
representations are considered. It is known that on the nonuniform grid x(s) = q2s there are two kinds of
Krawtchouk and Meixner polynomials. Also the properties of the second kind of these polynomials which are
not connected to the D-functions are discussed.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The concept of quantum group has been worked out by di4erent authors [9,24]. After these
fundamental works an impressive amount of detailed articles on di4erent applications of
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quantum groups to problems in quantum physics were published: on the hydrogen atom from a
quantum group theoretical point of view where the authors emphasised the fact, that the q-analogues
of the system was not unique [13], on some-generalized Coulomb and harmonic oscillator sys-
tems [11,30], on problems containing a vector-like potential [7,10], on coherent states [23] and
also on supersymmetry by introducing mixed boson-fermionic particles [6]. Some results related
to the connections between orthogonal polynomials of a discrete variable and the quantum alge-
bras suq(2) and suq(1; 1) can be found in [25]. An explicit method and a list of the q-Clebsch–
Gordan coeBcients of the mentioned quantum groups is given in [12]. An introduction to the-
ory of group representation as well as to symmetries in physics is presented in [2,17,5], while
the basic discussion of the Wigner-D-functions for the group SU (1; 1) can be found in [1]. Two
interesting connections between some dynamical systems, the Wigner-D-functions for the posi-
tive discrete series of SU (1; 1) and the Meixner polynomials can be found in [26,3]. A detailed
overview over the q-analogues of a wide number of orthogonal polynomials listing the basic ex-
pressions and three-term recurrent relations (TRR) are published in [14]. A fundamental and re-
markable work was done by [29], where the whole q-analogue theory of the representation of
q-deformed special functions in the framework of a q-analogue of group theory is
elaborated.
In the Drst article [4] we dealt with the connection between the Krawtchouk orthogonal polynomi-
als and the Wigner D-function for the group SU (2). Those Krawtchouk polynomials were introduced
by [27]. In addition, we presented all main characteristics for the Drst kind of q-analogues of the
Krawtchouk and Meixner orthogonal polynomials, having a simpler weight function. We could also
show, that these two kinds of q-analogues were neither related to the q-Wigner D-functions of
the quantum group SUq(2) nor to those related to the noncompact quantum group SUq(1; 1) for
the discrete positive series. The analytical techniques for obtaining the whole set of main char-
acteristics were presented by di4erent authors. In this article, we focus on the second kind of
orthogonal polynomials of a discrete variable, i.e., the quantum q-Krawtchouk and q-Meixner poly-
nomials having a more complex expression for the weight function, following the techniques outlined
in [19,20,22,21].
Koornwinder [15,16] showed for the Drst time the relationship between the SUq(2) D-functions
and the q-analogue of the Krawtchouk polynomials. In a similar way, the SUq(1; 1) D-functions
should be related to the q-analogue of the Meixner polynomials, specially for the discrete positive
series [18].
This communication is structured as follows: In the second part, we shall start by showing that
these q-analogues indeed are related to the q-analogues of the Krawtchouk polynomials of the Wigner
D-functions for the quantum group SUq(2). We have to remember the fact that in the case of the
quantum groups the whole computation is more cumbersome, because the matrix elements Djq; j¿ 12 ,
expressed in terms of the functions D1=2q , do not commute with each other like in the ordinary case
i.e., for q = 1. The next step will be the identiDcation of the q orthogonal polynomials found here
with those listed in [14]. For completeness, in the third part we will present all main characteristics
and show the explicit di4erences of the two kinds of q-analogues in a detailed overview. Moreover,
we will give the explicit expressions for the Rodrigues formula, the q-analogues of the orthogo-
nal polynomials in terms of the q-hypergeometric function and we will calculate some values for
these q-analogues. The fourth part will focus on the results obtained for the case of the q-Meixner
polynomials.
Y.F. Smirnov, C. Campigotto / Journal of Computational and Applied Mathematics 164–165 (2004) 643–660 645
2. Quantum q-Krawtchouk polynomials and q Wigner D-function
Let us start with a q-analogue of the TRR for the q-D-function for the quantum group SUq(2)
−Djmm′−1(t)t11t21q−m
′+1=2
√
[j − m′ + 1][j + m′]
+Djmm′+1(t)t12t22q
−m′+1=2√[j − m′][j + m′ + 1]
+Djmm′(t)(1 + [2]t12t21)
(
q[2m′]
[2]
+
q− q−1
[2]
[j − m′][j + m′ + 1]
)
=Djmm′(t)
(
q[2m]
[2]
+
q− q−1
[2]
[j − m][j + m+ 1]
)
: (1)
Here we introduced the usual notation [x] := (qx − q−x)=(q− q−1). The corresponding TRR for the
case q = 1 can be found in [28]. Let us suppose now, like in the classical case, that the matrix
d-functions Djmm′ are the matrix elements of the irreducible representations D
j
q of the quantum group
SUq(2) and are connected to the q-analogues of the Krawtchouk polynomials as follows:
Djmm′() = (−1)m−m
′
kn(s)
(s)
dn
√
Ix(s− 1=2): (2)
Here dn stands for the norm of the polynomials kn(s; N ), s = j − m, n = j − m, N = 2j and
Ix(s − 1=2) = q2s(q − q−1). For the moment we neglect the parameter p, which for the classical
Krawtchouk polynomials is p = sin2 =2 while for the q-analogues we have p = −qt12t21. For the
case j = m we obtain
Djjm′(s) = (−1)j−m
′
k0(s)
(s)
√
Ix(s− 1=2)
d0
; (3)
which yields
=
√
[2j]!
[j − m′]![j + m′]! t
j+m′
11 t
j−m′
12 q
(j+m′)( j−m′)=2 (4)
then we obtain, because k0(s) = 1,
(s)
√
Ix(s− 1=2) = (−1)j−m′d0
√
[2j]!
[j − m′]![j + m′]! t
j+m′
11 t
j−m′
12 q
(j+m′)( j−m′)=2:
We then insert the last expression into (2) introducing N; n, and s yielding
DN=2ns (t) = (−1)N−nkn(s)
d0
dn
√
[N ]!
[s]![N − s]! t
N−s
11 t
s
12q
s(N−s)=2: (5)
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By inserting the last expression into TRR (1) we obtain the following TRR for the quantum
q-Krawtchouk polynomials kn(s):
− kn(s+ 1)
√
[N − s]
[s+ 1]
tN−s−111 t
s+1
12 t11t21q
(N−s−1)(s+1)=2−N=2+s+1=2√[s+ 1][N − s]
+ kn(s− 1)
√
[s]
[N − s+ 1] t
N−s+1
11 t
s−1
12 t12t22q
(N−s+1)(s−1)=2−N=2+s+1=2√[s][N − s+ 1]
+ kn(s)tN−s11 t
s
12q
(N−s)s=2
(
q[N − 2s]
[2]
+
(q− q−1)
[2]
[s][N − s+ 1]
)
(1 + [2]t12t21)
= kn(s)tN−s11 t
s
12q
(N−s)s=2
(
q[N − 2n]
[2]
+
(q− q−1)
[2]
[n][N − n+ 1]
)
: (6)
At this point we introduce the noncommutative relations
t11t12 = q−1t12t11; t11t21 = q−1t21t11; t12t22 = q−1t22t12; t21t22 = q−1t22t21;
t12t21 = t21t12; t11t22 = 1 + q−1t21t12; t22t11 = 1 + qt21t12;
(t21t12)t22 = q−2t22t21t12; t11(t21t12) = q−2(t21t12)t11: (7)
We can multiply (6) by tik , so to extract the common factor tN−s11 t
s
12 from each term of this equation.
Hereby we request that, this factor should always stand on the right-hand side and, all other factor
tik on the left. In this respect, let us emphasise the fact that, the matrices
t =
(
t11 t12
t21 t22
)
are elements of the quantum group SUq(2). The unitarity condition ttt = tt t = I is satisDed, if we
take relations (7) as well as the condition for the Hermitian conjugation
t†11 = t22; t
†
12 =−q−1t21; t†21 =−qt12; t†22 = t11: (8)
The unimodularity condition yields (where the q-determinant detq = 1)
detq t = t11t22 − q−1t12t21 = 1; (9)
which is also in accordance with the second set of relations in (7). In addition, we Dnd that
t11t
†
21 + t12t
†
22 =−qt11t12 + t12t11 = 0:
The latter result is in correspondence with (7) and (8).
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Now, let us return to TRR (6). Using the noncommutative relations (7) subsequently we can
transform TRR (6) into
− kn(s+ 1)[N − s](t12t21)q−2N+3s+1 + kn(s− 1)[s](1 + q−2N+2s−1 t12t21)q−N+s
+ kn(s)(1 + [2]q−2N+2st12t21)
(
q[N − 2s]
[2]
+
(q− q−1)
[2]
[s][N − s+ 1]
)
= kn(s)
(
q[N − 2n]
[2]
+
(q− q−1)
[2]
[n][N − n+ 1]
)
: (10)
For simplifying the comparison of (10) with the Dnite-di4erence relation for the quantum
q-Krawtchouk polynomials deDned in [14] we multiply (10) by qN , thereby we take into account
that
1
[2]
(q[N − 2s] + (q− q−1)[s][N − s+ 1]) = q
N+1 + q−N−1
[2](q− q−1) −
q−N+2s
(q− q−1) (11)
and we also substitute p=−qt12t21. Hence, TRR (6) reads
kn(s+ 1)q−N+3sp[N − s] + kn(s− 1)[s]qs(1− q−2N+2s−2 p)
+ kn(s)
{
− q
2s
q− q−1 −
p
q− q−1 (q
2s + q−2N+2s−2 − q−2N+4s − q−2N+4s−2)
}
=− q
2n
q− q−1 kn(s): (12)
At this point, we have to compare the last equation with the di4erence equation for the quantum
q-Krawtchouk polynomials [14], having the form
−pqN−3s[N − s]yn(s+ 1)− q−s[s](1− pq2N−2s+2)yn(s− 1)
+ {pqN−3s[N − s] + q−s[s](1− pq2N−2s+2)}yn(s)
=− nq−1(q− q−1)yn(s); (13)
where n =−[n] q−n+1=(q− q−1). Hence, the term for yn(s) on the right-hand side of (13) reads
[n]q−n =
1
q− q−1 −
q−2n
q− q−1 : (14)
The expression in curved brackets on the left-hand side can be rewritten as follows:
1
q− q−1 {pq
N−3s(qN−s − q−N+s) + q−s(qs − q−s)(1− pq2N−2s+2)}
=
1
q− q−1 −
q−2s
q− q−1 −
p
q− q−1 {q
−2s − q2N−4s + q2N−2s+2 − q2N−4s+2}: (15)
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The Drst summands in Eqs. (14) and (15) vanish when we insert the two expressions into (13). If
we then substitute q→ q−1 and changing sign, the q-numbers [x] do not change and the TRR last
expressions becomes
pq−N+3s[N − s]yn(s+ 1) + qs[s](1− pq−2N+2s−2)yn(s− 1)
−
{
q2s
q− q−1 +
p
q− q−1 (q
2s − q−2N+4s + q−2N+2s−2 − q−2N+4s−2)
}
yn(s)
=− q
2n
q− q−1yn(s): (16)
We immediately notice that Eqs. (16) and (12) are identical. Expression (12) was obtained by means
of the quantum D-function properties. As a Drst result, we have shown, that the polynomials kn(s),
correlated to the q-D-functions, in terms of relation (2), are related to each other via the TRR (12),
which is equivalent to the Dnite-di4erence relation for the quantum q-Krawtchouk polynomials, after
exchanging q → q−1. In this respect, the quantum q-Krawtchouk polynomials k(p)n (s; N ; q−1) are
indeed proportional to the q-D-functions, when we take the parameter p = −qt12t21. This propor-
tionality coeBcient can be obtained from the orthogonality property for the quantum q-Krawtchouk
polynomials (m = n)
N∑
si=0
km(si)kn(si)%(si)Ix(s− 1=2) = 0 (17)
and from the unitarity property for the Wigner D-functions
+j∑
m′=−j
Djmm′(t)(D
j
m′′m′(t))
† = mm′′ (18)
and after inserting (5) into the latter condition, taking into account the relations between n; s; N
and j; m; m′, assuming that q and kn(s) are real and as t12t21 commutes and furthermore considering
relations (8), then (18) can be written as follows:
=
N∑
s=0
(−1)sqs(N−s−1)kn(s)tN−s11 ts12ts21tN−s22 kn′(s)
[N ]!
[s]![N − s]! = nn′d
2
n: (19)
Now, we would like to Dnd the orthonormality property for the quantum Krawtchouk polynomials.
Therefore, we have to solve the problem with the noncommutative terms tik , i.e., we have to rewrite
the central term tN−s11 t
s
12t
s
21t
N−s
22 of (19) in terms of the commutative terms by means of expressions
(7) i.e., the commutative terms t12 and t21. Using these expressions we can further treat them as
usual c-numbers. By means of (7) and (8) we have
ta11 t
b
12 t
b
21 t
a
22 := q
−2ab(t12t21)b(−q−1 t12t21; q−2)a (20)
here we introduced the q-binomial factor [14]
(−x; q−2)n := (1 + x)(1 + q−2x)(1 + q−4x) · · · (1 + q−2n+2x); n∈N: (21)
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With the last deDnition and as kn′(s) not depending on t11 t22 commutes with t12t21 and after intro-
ducing p=−qt12t21 we have that (t12t21)s = (−1)sqsps, thus we can write (19) as
N∑
s=0
qs(−N+s)[N ]!
[s]![N − s]! kn(s)kn′(s)q
−2sps(q−2p; q−2)N−s = nn′d2n: (22)
We now compare expression (22) with (17), which we rewrite after the substitution q→ q−1 and
Ix(s−1=2)=−q−2s(q−q−1). The orthogonality relation for the quantum q-Krawtchouk polynomials
reads then
N∑
s=0
kn(s)kn′(s)%(s)q−2s(q− q−1) =−nn′d2n: (23)
Let us compute the weight function %(s) using the properties of the q-D-functions. For the over-
lapping of the orthonormalisation properties of the q-D-functions and the quantum q-Krawtchouk
polynomials it is necessary for the weight function %(s) to be of the form (where we made the
exchange q→ q−1)
%(s) = qs(N−s)
[N ]!
[s]![N − s]! p
s(q2p; q2)N−s: (24)
The last expression can be used as weight function satisfying [20]
%(s)
%(s− 1) =
(s− 1) +  (s− 1)Ix(s− 3=2)
(s)
:
For the quantum q-Krawtchouk polynomials we have
(s) = (1− q2s)(q2s − q2!+2N+2) =−q3s[s](q− q−1)(1− pq2N−2s+2); (25)
(s) +  (s)Ix(s− 1=2) = (q2s − q2N )q2!+2 =−pqN+s+2(q− q−1)[N − s]; (26)
thus we obtain for (s) after ordinary iteration
%(s) =
[N ]!
[s]![N − s]!
psqs(N−s)(q2p; q2)N−s
(pq2; q2)N
(27)
up to a constant factor (pq2; q2)N the weight function %(s) for the quantum q-Krawtchouk poly-
nomials overlaps with the expression requested for the orthonormalisation of the q-D functions. In
this respect, we have obtained the group-theoretical interpretation for the quantum q-Krawtchouk
polynomials. As a consequence, one can obtain the properties of the q-D functions from those
for the quantum q-Krawtchouk polynomials and vice versa. At the same time we obtained the
same properties of the quantum q-Krawtchouk polynomials applying the standard method
worked out in [20]. The latter demonstration will be done in the next section of this
paper.
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3. Quantum q-Krawtchouk polynomials and their properties
Now, let us begin with the computation of all main characteristics of the quantum q-Krawtchouk
polynomials. We start with the TRR satisDed by those polynomials
Asyn(s+ 1) + Csyn(s− 1)− (As + Cs)yn(s) =−nyn(s); (28)
where
As ≡ (s) +  (s)Ix(s− 1=2)Ix(s)Ix(s− 1=2) =−
pqN+s+2[N − s]
q4s+1(q− q−1) ; (29)
Cs ≡ (s)Ix(s− 1=2)∇x(s) =−
q3s[s](1− pq2N−2s+2)
q4s−1(q− q−1) ; (30)
which can be compared to the TRR satisDed by the q-D-functions for the group SUq(2) after some
analytical manipulations and after the exchange q → q−1. The other fundamental characteristic is
the weight function (s). According to [20]
%(s+ 1)
%(s)
=
(s) +  (s)Ix(s− 1=2)
(s+ 1)
; (31)
where ,  are listed in Table 1. From here we Dnd by iteration and using the q-binomial factor
%(s) =
[N ]!psqs(N−s)
[s]![N − s]! (q
2p; q2)N−s; (32)
which is in correspondence with [20]. We note that in the limes q → 1 the value of (s) for the
quantum q-Krawtchouk polynomials overlaps with the weight function for the classical Krawtchouk
polynomials. The main characteristics for the quantum q-Krawtchouk polynomials are shown in Table
1, together with the corresponding characteristics for the classical Krawtchouk polynomials on the
linear grid and with those for the second kind of q-Krawtchouk polynomials [4].
3.1. Recurrent relation and self-duality of the quantum q-Krawtchouk polynomials
For studying the self-duality property of the quantum q-Krawtchouk polynomials we start from
the recurrent relation
q2syn(s) = !nyn+1(s) + nyn(s) + $nyn−1(s); (33)
where the coeBcients !n, n and $n can be found in Table 1. Explicitly, the recurrence relation reads
q2syn(s) =−[n+ 1]q3n(q− q−1)yn+1(s)
+ [q2n + p{q2n + q2N+2n+2 − q4n+2 − q4n}]yn(s)
− [N − n+ 1] (q− q−1)pqN+n+2(1− q2np)yn−1(s): (34)
Y.F. Smirnov, C. Campigotto / Journal of Computational and Applied Mathematics 164–165 (2004) 643–660 651
Table 1
The main characteristics of the classical and the two kinds of q-Krawtchouk polynomials
Classical Quantum q-Krawtchouk q-Krawtchouk II [4]
Krawtchouk
(s) s −(q− q−1)[s]q3s(1− pq2N−2s+2) q2s(1− q2s)
 (s) Np−s1−p −(qN+2p[N ]− qs[s]) 1t (qs[s](1 + p(q2 − 1)− pqN+2[N ])
n n1−p − [n]q
−n+1
q−q−1 −[n] %q
n+1+q−n+1
q−q−1
%(s) N !p
stN−s
s!(N−s)!
[N ]!ps
[s]![N−s]!q
s(N−s)(pq2; q2)N−s q
s(s−1)%s[N ]!
&q(s+1)&q(N+1−s) ; (%=p=t=q
2 )p¿0; t¿0;
p+ t = 1
Bn (−1)
n(1−p)n
n!
(−1)n
[n]!
(−1)n(1−p)n
[n]!
%n(s) N !p
s+n(1−p)N−n−s
s!(N−n−s)!
(−1)n(q−q−1)n[N ]!ps+nq
n
2 (n+2N+3)+s(N+n−s)
[s]![N−n−s]! (pq
2; q2)N−s (−1)
nq2n
2+4ns+n+s2−s%n+s[N ]!(q−q−1)n
&q(s+1)&q(N+1−n−s)
d2n
N !pn(1−p)n
n!(N−n)!
[N ]!pn
[n]![N−n]! (q− q−1)qn(N−n+4)(q2p; q2)n (q−q
−1)(pt)n[N ]![n+ −1]![4n+2 −2]!!(1+%q4n+2)N−n
q−n(n+ +2)[n]![2n+ −1]![2n+2 −2]!!&q(N−n+1)
an 1=n! (−1)
nq
− 32 n(n−1)
[n]!(q−q−1)n
(−1)n(1−p)nqn( +1)[n+ −1]![4n+2 −2]!!
(q−q−1)n [2n+ −1]! [n]! [2n+2 −2]!!
bn − Np+(n−1)(
1
2−p)
(n−1)!
(−1)nq−
3
2 n(n−1)
(q−q−1)n[n−1]! {q2!+3n−1 − q2!+2N+n+1 − qn−1} (−1)
n+1 tnqn( +2)−1[n+ −1]![4n+2 −2]!!(1+%q2(N+n))
(q−q−1) [n−1]! [2n+ −1]! [2n+2 −2]!! (1+%q2(2n−1))
!n n+ 1 −(q− q−1)[n+ 1]q3n − (q−q−1)[n+1](1−p)q +1 [2n+2 ][2n+ ][2n+ +1][4n+2 ][4n+2 +2][n+ ]
n n+ p(N − 2n) q2n + p{q2n + q2N+2n+2 − q4n+2 − q4n} qn+1
(
[n](1+%q2(N+n))
q2(1+%q2(2n−1)) − [n+1](1+%q
2(N+n+1))
q(1+%q2(2n+1))
)
$n p(1− p) −[N − n+ 1]p(q− q−1)qN+n+2(1− q2np) − (q−q−1)pqN+3n(1+%q2(2n+1))(N−n)
(1+%q4n2−2n−2)(N−n+1)
[N − n+ 1]
(N − n+ 1)
We now introduce
yn(s) = ks(n)
[s]! [N − s]!
[n]! [N − n]!p
n−sq(n−s)(N+2); (35)
where we have the identity ys(s) = ks(s). Then TRR (34) can be written as follows:
q2s
q− q−1 ks(n) =−p
′qN+3n[N − n]ks(n+ 1)
+
1
q− q−1 {q
2n + p′{q2n + q2n−2N−2 − q4n−2N−2 − q4n−2N}}ks(n)
− qn[n](1− q2n−2N−2p′)ks(n− 1); (36)
where we deDned p′ = pq2N+2. The last TRR is identical to (16) after the exchange s ↔ n.
Consequently, we conclude that
kpn (s; N; q) = k
p′
s (n; N; q
−1)
[s]![N − s]!
[n]![N − n]!p
n−sq(n−s)(N+2)
= kp
′
s (n; N; q
−1)
[s]![N − s]!
[n]![N − n]! (p
′)n−sq−N (n−s); (37)
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where we used the expressions for p′ and (35). In this sense, we can identify TRR (33) as a di4er-
ence equation of hypergeometric type, having as solutions the quantum q-Krawtchouk polynomials,
where their argument s and their eigenvalues n exchange their places. (In addition, the exchange
p → p′ and q → q−1, will yield some additional factors in (35).) This is, in fact, the self-duality
property of the quantum q-Krawtchouk polynomials leading us immediately to the symmetry property
for the Wigner q-D-functions in respect of an m↔ m′ exchange.
3.2. The Rodrigues formula and some special values for the quantum q-Krawtchouk polynomials
From [20] we have that the Rodrigues formula for the quantum q-Krawtchouk polynomials is of
the form
kn(N; s; q) =
Bn
%(s)
D(n)[%n(s)]; (38)
where the di4erence derivative formula reads
D(n)[%n(s)] =
n∑
k=0
(−1)n+k [n]![N ]!ps+n−k qn=2(N+4)−s(s−N+n−2k)(q2p; q2)N−s+k
qk(N+k+1)[k]![n− k]![s− k]![N − s+ k − n]! : (39)
So, explicitly the Rodrigues formula looks like
kn(N; s; q) =
[s]![N − s]!
(q2p; q2)N−s
n∑
k=0
(−1)k qn=2(N+4)−s(n−2k)pn−k (q2p; q2)N−s+k
qk(N+k+1)[k]![n− k]![s− k]![N − s+ k − n]! : (40)
For calculating the explicit values at the boundaries of the interval we use the expression for the
Rodrigues formula. For s= 0 we get the value
kn(N; 0; q) =
[N ]!pnqn=2(N+4)
[N − n]! : (41)
For s= N we Dnd the result
kn(N; N; q) =
[N ]!qn=2(N−2n+2)
[N − n]! (q
2p; q2)n: (42)
3.3. The quantum q-Krawtchouk polynomials in terms of the q-hypergeometric function
As a further result we would like to present the quantum q-Krawtchouk polynomials k(p)n (N; s; q)
in terms of the q-hypergeometric function F(!; ; $; z; q), generally deDned by [8,14]
p+1Fp
(
!1; !2; : : : ; !p+1
1; 2; : : : ; p
|z; q
)
≡
∞∑
k=0
(!1|q)k(!2|q)k : : : (!p+1|q)k
(1|q)k(2|q)k : : : (p|q)k(1|q)k z
k :
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Here we introduced the q-step as
(’|q)k ≡ &˜q(’+ k)
&˜q(’)
=
k∏
i=0
[’+ i]; [0] = 0
and where we have deDned the specially adapted q-gamma function &˜ related to the q-gamma
function &q [20,21], in the following way:
&˜q(s) ≡ q−
(s−1)(s−2)
2 &q(s) = [s]!; &q(s+ 1) =
q2s − 1
q2 − 1 &q(s):
In terms of the adapted gamma function &˜q(s) the quantum q-Krawtchouk can be expressed as
k(p)n (N; s; q) =
∞∑
k=0
(−1)kqn=2(N+4)−s(n−2k)[s]![N − s]![n+ 1]pn−k(q2p; q2)N−s+k
qk(N+k−1)[k]![n− k]![s− k]![N − s− n+ k]!(q2p; q2)N−s : (43)
For convenience we take the q-hypergeometric function F(!; ; $; z) to be
F
(
−n;−s;N − s− n+ 1;− t
p
; q
)
=
∞∑
k=0
(−1)k&q(n+ 1)&q(s+ 1)&q(N − s− n+ 1)(t=p)k
&q(n− k + 1)&q(s− k + 1)&q(N − s− n+ k + 1)&q(k + 1) : (44)
Finally, expressing the k(p)n (N; s; q) in terms of the q-hypergeometric function F(−n;−s;
N − s− n+ 1;−t=p; q), we have
k(p)n (N; s; q) =
(−1)k+npnq−2s2+N 2+2Ns+N− 32 n2+52 n+32 nN−2sn&q(N − s+ 1)
[n]!(q2p; q2)N−s
×F
(
−n;−s;N − s− n+ 1;− t
p
; q
)
×
∞∑
k=0
(q2p; q2)N−s+kq−k(3k+2n−1=2+2N−2s): (45)
The last equation can be reduced to the classical case by setting q= 1.
4. The q-Meixner polynomials and their properties
In the following we will investigate the characteristics of the q-Meixner polynomials. We will use
these polynomials for constructing the relationship to the q-Bargmann functions, i.e., the correspond-
ing of the q-Wigner D-functions but for the group SUq(1; 1). For obtaining the main characteristics
of the q-Meixner polynomials, we will follow the method outlined in [20,21]. Similarly to (28) we
can write the TRR for the q-Meixner as follows
A(s)y(s+ 1)− {A(s) + C(s)}y(s) + C(s)y(s− 1) + y(s) = 0; (46)
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Table 2
The main characteristics of the classical and the q-Meixner polynomials
Classical Meixner m$;%n (x) q-Meixner I m
b;c
n;q(s) q-Meixner II m
$;%
n (s; q) [4]
(s) s q3s−2(q− q−1)[s](1 + bcq−2s)) q2s(q2s − 1)
 (s) $% − s(1− %) (q− q−1)−1c(1− bq−2)− qs−2[s] %qs+$+2[s + $]− qs[s]
n n(1− %) [n]q−n−1=(q− q−1) [n] q−(n−1)−%q2$+n+1q−q−1
%(s) %
s&($+s)
&($+1)&($) , $¿ 0; |%|¡ 1
q−s=2(s+1)cs
∏s−1
k=0
(1−bq−2s+2k )
(q−q−1)s[s]!
∏s−1
k=0
(1+bcq−2s+2k )
%s&q($+s)
&q($)&q(s+1)
, % = q2,
Bn 1=%n (−1)n=[n]! 1=%n
%n(s) %
s+n&($+s+n)
&($+1)&($)
q−1=2(s(s+1)−2n(n+2s−1))cs+n
∏s+n−1
k=0
(1−bq−2(s+n−k))
(q−q−1)s[s]!
∏s+n−1
k=0
(1+bcq−2(s+n−k))
∏n
k=1
(1+bcq−2(s+k))
%s+n(q−q−1)n&q($+s+n)
q−(n2+2n+2ns)&q($)&q(s+1)
d2n
n!($)n
%n(1−%)$
(q−q−1)nc2n(bq−2;q−2)n(− q
−2
c ;q
−2)n(−c;q−2)∞
(q−2;q−2)n(−bcq−2;q−2)∞
qn(6−n)(q−q−1)n+1[$]n&q($+,+2n)&q(n+1)
%n(1−%q2(n+1))(n+$)&q($+,+n)
an ( %−% )
n q
n
2 (3n+1)
[n]!(q−q−1)n
(−1)n[$+,+2n−1]!
%n[$+,+n−1]! q
n($+,+1)
bn n($+ n−12
%+1
% )(
%−1
% )
n−1 − q−
3n2
2 +
5n
2 −1
[n−1]!(q−q−1)n (c + q
−2n − bcq−2n) (−1)n[n][$+,+2n−1]!(1−%q2n)qn($+,+2)−1%n[$+,+n−1]!(%q2$+4n−2−1)
!n %%−1 q
3n+2[n+ 1](q− q−1) − %[$+,+n]q−($+,+1)[$+,+2n] [$+,+2n+1]
n n+%(n+$)1−% q
3n{cqn+1(q + q−1)− q−n(1− c − bc)} qn−1[n](1−%q2n)%q2$+4n−2−1 − q
n[n+1](1−%q2n+2)
%q2$+4n+2−1
$n n(n+$−1)%−1 q
4n−1(q− q−1) c2(1− bq−2n) (1 + q−2nc ) − q
2n+2(qn−q−n)[$]n(1−%q2n)(n+$−1)
[$]n−1(1−%q2(n+1))(n+$)
where we have deDned
A(s) ≡ (s) +  (s)Ix(s− 1=2)
q4s+1(q− q− 1)2 ; C(s) ≡
(s)
q4s−1(q− q− 1)2 ; (47)
where Ix(s − 1=2) is the same as for the grid of the quantum q-Krawtchouk polynomials while 
and  can be found in Table 2. We shall now show that, TRR (46) can be identiDed with TRR
given by [14], if we set
B(s) = q(q− q−1)2A(s); D(s) = q(q− q−1)2C(s); -= q(q− q−1)2; (48)
where the TRR in terms of B and D becomes
B(s)y(s+ 1)− {B(s) + D(s)}y(s) + D(s)y(s− 1) + -y(s) = 0: (49)
As the grids are deDned di4erently we have to change qx → q−2s. Then we obtain
B(s) = cq−2s(1− bq−2s−2) = q−4s((s) +  (s)q2s(q− q−1)); (50)
D(s) = (1− q−2s)(1 + bcq−2s) = q−4s+2(s): (51)
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The comparison between A(s), C(s), n with B(s), D(s) and -n of [14], shows, that the q-Meixner
polynomials we are discussing, correspond to those of [14].
The next characteristic is of fundamental importance. In fact, we will need it for obtaining the
orthonormality property as well as for the normalisation of our q-Meixner polynomials: for this
purpose we need the weight function . Essentially, we shall use the same method outlined in
Section 2 for the quantum q-Krawtchouk polynomials. Thus, we obtain
%(s) =
q−s=2(s+1)cs
∏s−1
k=0 (1− bq−2s+2k)
(q− q−1)s[s]!∏s−1k=0 (1 + bcq−2s+2k) : (52)
In addition, the last result is the basic expression for obtaining the shifted weight function n listed
in Table 2 together with the main characteristics for the q-Meixner polynomials evoking also the
main characteristics for the classical Meixner [19] as well as for the second kind of q-Meixners [4].
4.1. The normalisation of the q-Meixner polynomials
For obtaining the norm dn for the q-Meixner polynomials we will follow the method described
in [20], where the norm is given by
d2n = (−1)n AnnB2nSn; (53)
where
Ann =
(−1)nq−n2−n−1(q−2; q−2)n
(1− q−2)2n ; Bn =
(−1)n(1− q−2)n
qn=2(n−1)(q−2; q−2)n
; (54)
Sn = (q− q−1)c2nq2n2+n(bq−2; q−2)n (−q
−2=c; q−2)n(−c; q−2)∞
(−bcq−2; q−2)∞ : (55)
For simplifying the comparison with the result given in [14] we now introduce the notation Q ≡ q−2.
We then immediately see, that the two results overlap. Hence, we have found the result for the norm
d2n
d2n =
(q− q−1)c2n(bq−2; q−2)n(− q−2c ; q−2)n(−c; q−2)∞
(q−2; q−2)n(−bcq−2; q−2)∞ : (56)
With the last result we are in position to calculate the last of the main characterstics, i.e., $n, listed
in Table 2.
4.2. The TRR for the q-Meixner polynomials
We continue with the TRR for the q-Meixner polynomials. In the following we will show that our
results overlap with the results published in [14]. First, we suppose that our q-Meixner polynomials—
deDned as yn(s)—are proportional to those Mn(s) given by [14], i.e.,
Mn(s) =
a′n
an
yn(s);
a′n
an
=
(−1)nqn(q−2; q−2)n
cn(bq−2; q−2)n
(57)
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and similar relations for Mn−1(s), Mn+1(s). For our q-Meixner polynomials the TRR is expressed as
q2syn(s) = !nyn+1(s) + nyn(s) + $nyn−1(s); (58)
where !,  and $ are listed in Table 2. Let us introduce the TRR for the polynomials Mn(s), deDned
by [14]
q2sMn(s) = !′nMn+1(s) + 
′
nMn(s) + $
′
nMn−1(s); (59)
where
!′n = !n
a′n
an
an+1
a′n+1
=−cq4n+2(1− bq−2n−2); (60)
′n = n = cq
4n(q2 + 1) + q2n(1− c − bc); (61)
$′n = $n
a′n
an
an−1
a′n−1
=−q4n(1− q−2n)(c + q−2n): (62)
After calculating explicitly expression (3:13:3) given in [14] where we insert expression (57) for
the Mn(s) it is easy to notice that the coeBcients of the TRR in [14] are identical to (60)–(62)
after the identiDcation Q = q. Consequently, the Meixner polynomials [14] and those polynomials
we constructed here are the same.
4.3. The Rodrigues formula
At this point—starting from the Rodrigues formula—we can obtain the general expression for the
classical orthogonal polynomials of a discrete variable on a nonlinear grid [20]. For the q-Meixner
polynomials the general expression for the Rodrigues formula reads
yn(s) =
Bn
(s)
q−2ns−n=2(n−1)
(q− q−1)n
n∑
k=0
(−1)k[n]!qk(n−1)
[k]! [n− k]! n(s− k) (63)
here the constant Bn and the weight function (s) are listed in Table 2 while n(s− k) can be easily
found using the shifted weight function n(s). After some algebra we Dnd the Dnal result to be
yn(s) =
(−1)nq−n+2s+ns(q−2; q−2)s(−bcq−2; q−2)s
(bq−2; q−2)s
×
n∑
k=0
(−1)kcn−kq−2k(k−s+1)
(q−2; q−2)k(q−2; q−2)n−k
(bq−2; q−2)s+n−k(bq−2s+2k−2; q−2)n
(q−2; q−2)s−k(−bcq−2; q−2)s+n−k : (64)
The last expression can be used to compute the explicit values of the q-Meixner polynomials for
s= 0 and n= 0, i.e.,
yn(0) = (−1)nq−n
n∑
k=0
(−1)kcn−kq−2k(k+1)(bq−2; q−2)n−k (−bq−2k−2; q−2)n
(q−2; q−2)k (q−2; q−2)n−k (−bcq−2; q−2)n−k ; (65)
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y0(s) =
q2s(q−2; q−2)s(−bcq−2; q−2)s
(bq−2; q−2)s
: (66)
Now, we have the possibility to emphasise the di4erences between the q-Meixner polynomials given
in [4] and those given here. We remark, that although both satisfy the conditions for being Meixner
polynomials, i.e., from the point of view of the semi-Dnite deDnition interval as well as the TRR,
they have di4erent weight functions (s) yielding to a di4erent set of main characteristics.
4.4. The q-Meixner polynomials in terms of the q-hypergeometric function
The last result gives us the opportunity to write the q-Meixner polynomials in terms of the
well-known q-hypergeometric function [14] already introduced in Section 3.3. For this purpose it is
convenient to take b ≡ q−2,. After some algebra and rewriting some Dnite product we Dnd
mn(s) =
(−1)n∏s−1i=0 (1 + cq−2(,+s−i))[, + n+ s]!
[n]![, + s]!
F(−n;−s;−, + s+ n; c−1; q)
×
n∑
k=0
(−1)kqn=2(s−2)+,(k−n)−k=2(2k+n−3s)∏ni=1 (1 + cq−2(,+s−k+i))∏s+n−k−1
i=0 (1 + cq
−2(,+s+n−k−i))
: (67)
At this point we used the explicit property of the q-hypergeometric function
(, + s|q)n F(−n;−s;−, + s+ n; c−1; q) =
∞∑
k=0
[n]![s]![, + s+ n− k]! c−k
[k]![n− k]![s− k]![, + s]! ; (68)
where we introduced (, + s|q)n ≡ [, + n + s]!=[, + s]! We remark that it is easy to show the
correspondence of this relation with the classical case [20], when we set q= 1; c ≡ % and , = $.
4.5. The TRR for the q-Meixner polynomials and the q-Wigner functions for SUq(1; 1)
In this section, we will be concerned with the relationship of these q-Meixner polynomials with
the q-Wigner D-function for the discrete series of the noncompact quantum group SUq(1; 1). Like in
the Drst part, devoted to the quantum q-Krawtchouk polynomials we now start from the following
TRR for the q-Wigner functions for the SUq(1; 1) group
− qm[2]
√
[j + m+ 1][m− j]Dj+m+1k t21t22
−{q−j−1[m+ j] + qj+1[m− j]}Dj+mk{t11t22 + t21t12}
− qm[2]
√
[m+ j][m− j − 1]Dj+m−1k t11t12 =−{q−j−1[k + j] + qj+1[k − j]}Dj+mk : (69)
Let us make the following Ansatz, similar to the one discussed for the quantum q-Krawtchouk case,
for the relation between the q-Wigner D-functions for the noncompact quantum group SUq(1; 1) and
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the q-Meixner polynomials mn i.e.,
(−1)m−j−1 Dj+mk ≡ mn(s)
(s)
dn
√
Ix
(
s− 1
2
)
: (70)
Furthermore, let us introduce as in the classical case the following relations between the indices and
the eigenvalues s= m− j − 1, n= k − j − 1, m+ j + 1 = s+ 2j + 2. Hence,
Dj+mk → Dj+sn (t) = (−1)smn(s)
√
[s+ 2j + 1]!
[s]![2j + 1]!
ts12t
−s
22 : (71)
Then, after simplifying and using the noncommutative relations (7), TRR (69) reads in terms of the
q-Meixner polynomials
q2s+4j+2(1− q−2s−4j−4)(t12t21) mn(s+ 1)
− q
s+j(1− q−2s−4j−2) + qs+j+2(1− q−2s−2)
[2]
{1 + q2s(1 + q−1)(t12t21)} mn(s)
+ (1− q−2s) (1 + q2st12t21) mn(s− 1)
=− q
n+j(1− q−2n−4j−2) + qn+j+2(1− q−2n−2)
[2]
mn(s): (72)
Let us now compare the coeBcients of the mn in the last TRR with the coeBcients of the q-di4erence
equation for the q-Meixner polynomials given in [14]. We will be able to determine the expressions
b and c in terms of t12t21 and q. For clearness we denote the q-Meixner polynomials given in [14]
as y(x). Their q-di4erence equation reads [14] with q→ q−2
− (1− q−2n)y(x) = cq−2x(1− bq−2x−2) y(x + 1)
−{cq−2x(1− bq−2x−2) + (1− q−2x)(1 + bcq−2x)} y(x)
+(1− q−2x)(1 + bcq−2x) y(x − 1): (73)
We remark that the comparison of the last two TRR yield b= q−4j−2 and c= q4s+4j+2t12t21 and the
terms for mn(s− 1) and mn(s+ 1) overlap with the respective terms for y(s− 1) and y(s+ 1).
5. Conclusion
We have shown in this article that, the quantum q-Krawtchouk polynomials are related to the
quantum Wigner functions, i.e., we have found the special function representation for the quantum
group SUq(2). On the other side we have described in detail, that the same construction can be
built up for the noncompact quantum group SUq(1; 1), i.e., we could relate the q-Meixner polyno-
mials to the quantum Bargmann functions. We have also discussed the fact that there are di4erent
q-Meixner and q-Krawtchouk polynomials which do not lead completely to the requested quantum
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spherical functions, although from the point of view of their characteristics they satisfy the respective
q-orthogonal polynomial conditions.
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